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Comment on “Subgraphs in random networks”
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We point out biases in the algorithms used by ltzkoetzl. [Phys. Rev. E68, 026127(2003] to assess
their approximate formulas for the average number of occurrences of certain subgraphs in random graphs with
prescribed degree sequences.
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ltzkovitz et al. [1] give approximate theoretical formulas with prescribed degrees, but they do make this claim for an
for the average number of occurrences of certain small sutanalogous algorithm for undirected graphs, in which the
graphs in random graphs with prescribed degree sequencegsame caveats app[it1,17.) Or, perhaps Newmaet al. had
To assess the accuracy of these approximate formulas, théy mind an implicit third step(3) If the resulting graph con-
randomly generate 1000 graphs with prescribed degrees argins any self-loops or multiedges, it is rejected; otherwise, it
directly count the number of occurrences of the subgraphss accepted. In this case, the algorithm does generate simple

They do this twice, in the first case using the algorithm ofgraphs with the prescribed degrees uniformly, but the accep-
Newmanet al. [2] to generate multigraphs with prescribed

degrees, and in the second case using a modified version of
this algorithm, as described in Milet al. [3], to generate O—0G
simple graphs with prescribed degrdgds (In a multigraph, g><([§
multiple edges are allowed between a pair of nodes; in a O—0
simple graph they are ngtBut they do not mention that the (O O IO me )
algorithm of Newmaret al. does not generate multigraphs
with prescribed degrees uniformly at random, and the algo- D O—06
rithm of Milo et al. does not generate simple graphs with
prescribed degrees uniformly at rand¢8. O P, Oy <A RICVA I RIOAYO,
The stub-pairing algorithm gi_v_en in Newmm al: pro- 0,‘\ o‘o 0.‘0 0‘0
ceeds as follows(1l) Each node in the graph is giverj;
|nvyard-p0|nt|ng edge Stqu'n'StUb,s and ki outward- FIG. 1. Shown are the seven graphs with out-degree sequence
p0|.nt|ng.edge stubgout-stubs, whe(eji andk; are the Pré- (1,1, 2, 0, 0, 0 and in-degree sequenc, 0, 0, 1, 1, 2 for the
scribed in- and out-degrees of node(2) Each out-stub is  nogesu,u,w,x,y,z (in that ordey. There are 4!=24 “configura-
randomly paired with a distinct in-stub to produce a directedjons " or ways to pair up the four out-stubs with the four in-stubs.
graph. Newmaret al. make no mention of what to do if the The two upper graphs are each obtained from 2 of these 24 pairings,
resulting graph has edges from a node to itggif-loopg or  while the five lower graphsthe simple graphsare each obtained
multiple edges from one node to anotf{erultiedges It is  from 4 of the 24 pairings. Thus while the stub-pairing algorithm of
possible that they intended to allow their construction to proiNewmanet al. [2] generates configurations uniformly, it does not
duce graphs with self-loops and multiedges, since the onlgenerate graphs with multiedges allowed uniformly, as the upper
restriction they note for the prescribed degrees is that thévo graphs are each generated with probability 1/12 and the lower
sum of the out-degrees must be equal to the sum of théve each with probability 1/6. This stub-pairing algorithm is uni-
in-degrees(There are additional constraints on degrees oform when restricted to simple graphs, however, while the modified
graphs with no self-loops or multiedgg—8].) But this al-  stub-pairing algorithm of Milcet al. [3] is not. In this example, the
gorithm does not generate multigraphs with prescribed dealgorithm of Milo et al. generates the leftmost simple graph with
grees uniformly (regardless of whether one allows self- Probability 1/6=0.167, and each of the other four simple graphs
loopg—it essentially generates directed “configuratiof@y’ with prob_ablllty 157/864=0.182With probability 23/216=0.106
uniformly at random, bugas has already been noted for both the algorithm reaches a dead enthese numbers were calculated

directed and undirected rapl0-12) a graph with muit  SIE % PRECee B Eose L e ceen mumercaly
has fewer configuration reim han im . N : )
edges has fewer configurations as preimages than a s Fﬁy running the algorithm of Miloet al. many times. Note that,

| : .
graph, by a factpr ok! for eachk .fOId mult|edge_. Thgs, t.here unlike the leftmost simple graph, the other four simple graphs can
can be _arbltrarlly _Iarge deviations from unlformlty_ n the each be converted to a graph with a multiedge by replacing some
gerjeratlon qf multlgraph$Newmanet al.do no.t explicitly air of edgesa—b andc—d with the paira—d andc—b. (Note
claim that this algorithm uniformly generates directed graphs,;q, that, while the top two graphs are isomorphic, as are the four
rightmost simple graphs, the goal throughout this comment is to

uniformly generate randomlabeled graphs with prescribed
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tance rate might be too small for the algorithm to be practi-configurations, particularly when the degrees of the nodes do
cal. not grow too fast as the number of nodes increaseg.

In what may have been an attempt to increase the accepe—11,14,1%,.
tance rate when generating simple graphs, Miaal. ([3], Likewise, it may be that the bias in the modified stub-
supplementary web matenamodified the algorithm of —hqiing aigorithm was inconsequential for the particular
Newmanet al. slightly. Instead of pairing up all the in- and graphs considered by Milet al. [3]; they report that the

out-stubs at once, and then rejecting the graph if it is rmsame “network motifs” were identified as statistically signifi-
simple, Milo et al. take an incremental approach in which ysig

one stub pair is chosen at a time; if the addition of the edg&@nt when using a Markov chain Monte Carlo algorithm to
between these stubs would create a self-loop or multiedge, $€nerate simple graphs with prescribed degféésl?. But
new stub pair is chosen; otherwise, the edge is added to tHeshould be noted that while Kannaet al. [16] have shown
graph. If at some stage there is no stub pair that can be addé&dgt a similar Markov chain is rapidly mixing for near-
without creating a multiedge or self-loop, the partial graph isregular degree sequencs], they have not shown this for
rejected and the process is started from scratch. The agcale-free degree sequences, such as those considered by
proach of Newmaret al. can be recast as an incremental Milo et al. and Itzkovitzet al—Milo et al. offer only that
algorithm, but one in which a partial graph is rejected asthey simulate their Markov chains “until the network is well
soon aghe firststub pair is chosen that would create a self-randomized”([3], supplementary web materjal
loop or multiedge. Because the modified algorithm of Milo  Finally, it may be that the biases in the algorithms used by
et al. does extra exploration in the vicinity of nonsimple Itzkovitz et al. [1] as a standard by which to assess their
partial graphs, it does not generate the simple graphs witapproximate formulas were not significant for the particular
prescribed degrees uniformlgThis bias is not mentioned in graphs they considered. But even if so, and even if no en-
Milo et al. [3] or in lztkovitz et al. [1].) An example is tirely satisfactory algorithm is available, it should nonethe-
shown in Fig. 1]13]. less be noted for the benefit of others who may wish to
It may be that the generation of nonsimple graphs in thegenerate graphs with prescribed degrees uniformly, that the
stub-pairing algorithm was inconsequential for the purposeslgorithm of Newmaret al. does not generate multigraphs
of Newmanet al. [2], as asymptotic properties of simple uniformly and the modified algorithm of Milet al. does not
graphs can often be inferred from asymptotic properties ofjenerate simple graphs uniformly.

Itzkovitz et al. refer to “random networks which allow for
multiple edges...as in the well-studied configuration model”
and to simulations “when multiple edges are allowed, as in the
configuration model.” Should these be interpreted as observa-
tions that multiple edges can occur in configurations, or as
assertions that when multiple edges are allowed, by “random
network” they mean with respect to the uniform distribution on
configurationgwhich is different than the uniform distribution
on multigraphg?
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[5] ltzkovitz et al. refer to “random networks” without explicitly

is allowed between any two nodes.” But it may be that the[11

MCMC algorithm was also used for some of the results in

—
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296 (1978.

Itzkovitz et al, since the caption to Table | says that the direct[12] N. C. Wormald, inSurveys in Combinatoric®dited by J. D.

enumeration results were computed “using the algorithms de-
scribed in[Milo et al],” without specifying which.

stating with respect to which probability distribution, so it may
be that their intended null models were not those in which all
multigraphs with prescribed degrees are equiprobable, or in
which all simple graphs with prescribed degrees are equiprob-
able. In the case of simple graphs, there is no mention of the
intended probability distribution, only references to the algo-
rithms used to generate the graphs. In the case of multigraphs,
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[13] During the review process, ltzkovitz alerted us to a paper by

Raoet al. [20], in which it is shown that two variants of an
algorithm attributed to Pramanik, for the closely related prob-
lem of uniformly generating0,1) matrices with prescribed
row and column sums, are biased. While these algorithms are
similar in flavor to the modified stub-pairing algorithm of Milo

et al. [3], they have an additional step of forcing edges, and
give different results. In fact the nonuniform probabilities com-
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of the simple directed graphs in Fig. @oving to the 6<6 known to be rapidly mixing for simple graphs with nearly

matrices forces the diagonal to be zero so that self-loops are ar d 4 i ' bl
not an issug.Also, a preprint by Chent al.[21] shows that an regular degree seguenc{ezﬁ], _an _Or cqntmgenc.y.ta es
(closely related to directed multigraphis which the minimum
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